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The theorem discussed here is extremely easy to prove, and possibly is 
already known to some. However it appears not to be in the literature and, 
in the author’s view, the result is amusing and may be of use to others. 
'THEOREM. Let G be a connected, jkite-dimensional nonsolvable Lie group. 
Then .for each n > 0, and for almost all n-tuples (g, ,..., gn) of elements of G, 
the group generated by g, , . , g, is free on these n elements. (“Almost all” is to be 
interpreted in terms of Haar measure on G x ... x G.) 
This is the best possible result because if G is solvable and n > 1, then G 
has no free subgroups of rank n. 
Proof. Each word w in the free group on n generators defines an analytic 
mapping, which we also call zc : G’” = G x ... x G -+ G. Now for any 
analytic mapping from a connected analytic manifold M to an analytic 
manifold -V, the inverse image of a point in IV is either the whole of M or has 
measure zero in M. (This is easily proved by taking iVl to be an open subset 
of EP’ and using induction on m, and Fubini’s theorem.) 
The set of n-tuples which are generators of free subgroups of rank n is 
X=Gn-‘uw-l(e):w~F,w#e 
l L 
where F is the free group of rank n, and e has been used to denote the identity 
elements of both F and G. Since F is countable, we need only show that the 
measure of w-l(e) is zero for each word w. By the previous paragraph, this 
means that we must show that no relation w is satisfied identically on G. 
We do this by showing that G contains a free subgroup of rank n. Since the free 
group of rank 2 contains the free group of rank n for each n, we need only 
show that G contains a free subgroup of rank 2. 
According to Levi’s theorem (see Ref. [2]), the Lie algebra L of G contains 
a semisimple subalgebra S. S corresponds to a subgroup of G (not necessarily 
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closed). Hence we may assume without loss of generality that L itself is 
semisimple. It is well known that a real semisimple Lie algebra contains 
a real three-dimensional simple subalgebra. So there is no loss of generalit! 
in assuming that G is simple and three dimensional. Rut there arc only two 
three-dimensional simple real Lie algebras, namely the Lit algebras of SO(3) 
and PSL(2, R). Any other simple three-dimensional Lit group covers 
X1(3) or PS,C(2, R), so we need only show that each contains a free subgroup 
of rank two. 
Now PSL(2, Z) is isomorphic to &“Z, (see, for example, Ref. [3, p. 2611). 
If a generates 2, and h generates Zzr , then bab and ubaba generate a free 
subgroup of rank 2. Since PLS(2, Z) i PSL(2, R), this proves the result foi 
PSL(2, R) and SL(2, R). 
The result for W(3) was proved by Hausdorff [I, p. 4701. The result foi 
SO(3) can also be easily deduced from the result for f’SL(2, R) (and vice 
versa). 
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